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Abstract. Bennett et al. [1] presented a recursive algorithm to create a family 
of partitions from one or several partitions. They were mainly interested in the 
cases when we begin with a single square partition or with several partitions 
with only one part. The cardinalities of those families of partitions are the 
Catalan and ballot numbers, respectively. In this paper we present a closed 
description for those families. We also present bijections between those sets of 
partitions and sets of trees and forests enumerated by the Catalan an ballot 
numbers. 



The Catalan numbers appear in a wide variety of settings, including represen- 
tation theory. While studying the category of finite dimensional representations of 
the afhne Lie algebra associated to sl2 and trying to develop a theory of highest 
weight categories, Chari and Greenstein ([2, 3]) found that that one of the results 
required for this would be to prove that a certain module for the ring of symmetric 
functions is free of rank equal to the Catalan number. This module is generated by 
polynomials that are described using a family of partitions defined recursively by 
Bennett et al. [1]. 

Their algorithm consist of applying two operations to a set of partitions: the 
first operation is augmentation which increases the partition by one part, and to 
the partitions so obtained we apply a involution (these operations will be defined 
in Section 2). If we start with a square partition, i.e. A = (Ai, A2, . . . , Afe) where 
A: = Al > A2 > • • • > Afe = 1 then after applying the algorithm £ — k times we get 
a set of ce-k+i partitions with exactly £ parts, where c„ = ;;^(^^) is the Catalan 
number. If we start with the set of partitions with only one part less than or equal 
than m, then after £—1 steps we get a set of bg^rn-i partitions with exactly £ parts, 
where 



is called a ballot number. 

The main goal of the present paper is to study those families of partitions from 
a combinatorial point of view. To do that, we first present closed descriptions for 
those families of partitions using inequalities, this is done in Section 3. In Section 
4 we provide bijections to families of trees and forests that are enumerated by the 
Catalan and ballot numbers, respectively. 

Acknowledgements. The author is grateful to M. Bennett, V. Chari, R.J. Dolbin 
and N. Manning for posing the questions and for useful discussions and suggestions. 
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2. Notation 

In this section wc will present the relevant notation, as well as some Theorems 
taken from [1]. 

Let [n] = {1, . . . , n} for any positive integer n. By a partition A with n parts, 
we mean a decreasing sequence 

A= (Ai,A2,--- ,A„), Ai > Aa > ••• > Afe > 

of positive integers. 

We denote the set of all partitions by V. Given A = (Ai, A2, • • • , A„) G V set 

A \ {A„} = (Ai, ■ • ■ , A„_i), 

and for < A„+i < A„ set 

(A : A„+i) = (Ai, A2, • • • , \ni An+i). 

For k,n G Z+, let 7'"''° be the set of partitions with exactly n parts where no 
part is bigger than k, i.e. 

P".^ = {A = (Ai, A2, ■ • ■ , A„) e P : Ai < k}. 

We can regard a partition A G 'P"''^ as a decreasing function A : [n] [k], i ^ \i, 
so wc can write = A^. 

Let T : T-*"'*^ — > V'""'^ (or r^, if confusion arises) be defined by 

t(Ai,--- ,A„) = (fc + l-A„,-- - ,A; + 1-Ai). 

As a map [n] [fc], t(A) is equal to the composition 7^ o A o 7^, where for every 
positive integer m, 7™ : [m\ — > [m] is a bijection of order two defined by i h- > m+l—i. 
Set P'' = V^^^. Given A G 7''= and i,keZ+ with £ > k, define subsets r\X) of 
inductively, by 

V'W = {A} U {n (A)}, r'iX) = Vi{X) U P^(A), 

where 

Vi{X) = {neV':n\ {m.} G P^-^A)}, (A) = r, (P^(A)) . 
It is easy to see that 

V'{Tk{X))=n{V\X))=V\X). 

For fc G Z+, set 

= {A G 7^^ Ai = fc, Afe = 1}. 

Fix m G Z+, and let 

^n. = {{3} : 1 < i < m} C pi'™. 
Define subsets V^{^m) by 

^d(^^Ti) ^rn ^r(^^^) — (^m) ; 

Vii^lm) = {(/X : 3) e V'^'+^-^ : 1 < J < M^-i, M G 7'^-^(^^„^)}, 

The following are the most important theorems of [1] . We will present alternative 
proofs of these theorems in the upcoming sections. 
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Theorem 1 ([1], Section 1.5). 

(i) Let e,kG'Z+ be such that £ > k axid let A e P^q. Then, 



Q-fc+i, A = t(A), 
2ce-k+i, A^r(A). 



(ii) Let A £ P^^, v e P^^. For all £ G Z+ with i > max(fc, s), we have 

(iii) We have 

v^= y p^(x). 

{xe-p^^:e>k>i} 

Theorem 2 ([1], Section 3.1). For £,me Z+, we have 

#P^(n„) = be,m-l. 

3. A CLOSED CHARACTERIZATION USING INEQUALITIES 

In this section we provide a closed description of the elements of of P^{X) and 
■p^(f^m) using inequalities. 

3.1. Inequalities for P^(A). 

Theorem 3. Let ^ > fc, A e and /x € P^. Then /i e V^{X) if and only if there 
exists 6 e — A; + 1] so that: 

(i) fiib) = b + k-l, ^i{h + fc - 1) = 6. 

(ii) If 1 < i < 6 then iJ,{ii{i)) > i. 

(iii) Ifb + k-l<i<e then m(m(^)) < 

(iv) If A e P^q is defined by A(i) = n{b + i - 1) - b + 1, 1 < i < k then 
Ag{A,t(A)}. 

Remark 4. It is clear that, given fi S P^, if there exist b and fc satisfying conditions 
(i)-(iii) they are unique since b and 6 + fc — 1 are the smallest and largest fixed points 
of fi o fj, : [£] ^ [£]. We will prove in Lemma 6 that they do exist for every fj, gP^. 

Also, notice that Theorem l(ii) is a direct consequence of condition (iv) in The- 
orem 3. 

Before proving Theorem 3 we prove the following 
Lemma 5. 

(1) fJ. € satisfies (i), (ii) and (iii) for b if and only if T^(/Lt) satisfies (i), (ii) 
and (iii) ior b' = £ - k - b + 2. 

(2) If A e is defined as in (iv), i.e., 

X{i) = /i(6 + i - 1) - 6 + 1, 1 < i < fc 
and A' € P^^ is defined similarly for r^(/x) and 6', i.e., 

X'{i) = nin){b' + i-l)-b' + l,l<i<k 
then Tfc(A) = A'. 
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Proof. Let /x' = r£(/x). Then 

M'W = 7(M7(i))) 

where 7 = 7^, i.e., -y : Z ^ Z, x i + 1 — x. 7 is an order-reversing bijection 
satisfying 7(6') = b + k — 1 and 7(6) = 6' + fc — 1. 

If n satisfies (i), then n'{b') = 7(At(7(&'))) = ll/^l^ + k - 1)) = 7(6) = 6' + fc - 1 
and similarly, ij,'{b' + k — 1) = b'. This is condition (i) for /x'. 

Assume that fj, satisfies (ii) for b, that is, 

l<i<b^i< 

Therefore 

7(6) < 7(i) < 7(1) ^ 7(i) > 7(/x(/x(i))), 

or equivalently, 

b' + k-l< 7(i) < f ^ 7(i) > 7(m(m(«)))- 
If we set i' = 7(i) then z = 7(1') and 

6' + - 1< z' < ^ ^ i' > 7(/x(/x(7(i')))). 

This is precisely (iii) for /x', b', i' since 

= m'(m'(7(^))) = 7(M(7(M'(7(i))))) = liKKlii'))))- 

The other implications in (a) are similar. 

The proof of (b) is a straight forward calculation. It suffices to prove that 
A'(i) + X{k + l-i) = k + l,l<i<k. In fact: 

X'{i) + X{k + l-i) = {n{ii){b' + i-l)-b' + 1) + {n{b +{k + l-i)-l)-b+l) 

= j{ii{j{b' + i - 1))) + At(6 + fc - i) - 6 - 6' + 2 
= 7(/x(6+A;-i)) + /ti(6+A;-j) + A;-^ = £ + l-/x(6+fc-i) + /x(6+A;-i) + A;-^ = + 

□ 

Proof of Theorem 3. First we prove that /x € 'P^(A) implies (i)-(iv). We proceed 
by induction on i. If £ = k then 6=1, conditions (ii) and (iii) are vacuum, and 
/X G 'P^(A) if and only if /x G {A,r^(A)}, which is precisely condition (iv) since 
A' = fi. 

For the inductive step assume that £ > k and /x G ■p^(A), say 

M e {(i/ : i) 1 1 < i < i/(f - 1)} U {r^(z/ : j) | 1 < j < u{e - 1)} 

where v G ^^"^(A) satisfies conditions (i)-(iv) for b' , 1 < b' < £ — k. If /x = (f : j), 

then take b = b'. The only thing that we have to check is (iii) for i = £ which in 
this case reads /x(yLt(£)) < £, but every part of v, and therefore of /x, is less than £. 

If jjb = Tiiy : j) then it follows from Lemma 5 and the previous paragraph that 
/X satisfies (i)-(iv) for b = £ — k — b' + 2. 

Now we prove that (i)-(iv) imply that /x G 'P^(A). U £ = k then we must have 
b = l,(i) means that /x G V^^, (ii) and (iii) are vacuum, and (iv) means that 
/X G {A,T^(A)}. 

If ^ > /c then fi is not a square partition since /x(£) = 1 and /x(l) = £ imply 
/x(/x(f)) = ^ and /x(/x(l)) = 1, forcing b = 1 and b + k — 1 = £ and therefore 
^— l = /c — 1, a contradiction. So we consider the cases fi(£) ^ 1 and /i(l) 7^ i'. 

If /x(l) < £ then ji = {v : iJi{t)) where by the induction hypothesis v G P^^^(A) 
and therefore /x G 'P^(A). 
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If ;ti(l) = £ and fi{e) > 1 then fi' = Ti{^) satisfies 1, < £, and by 

Lemma 5, satisfies (i)-(iv) for b' — i — k — b + 2. So we can apply the previous 
paragraph to conclude that /z' G 7"' (A) and therefore ^ £ 'P^(A). □ 

Now we use these results to provide an alternative proof of the following 

Lemma 6 (Theorem l(iii), [1] Proposition 2.6 (ii)). Let fi G for some £ € N. 
Then ^ e V^{X) for some \€V^q,k>l. 

Proof. We are to prove that for every e "P^ there exist b and k satisfying the 
conditions in Theorem 3. fj, o ^ :[£] ^ [£] is increasing since ^ is decreasing. It has 
a fixed point since the sequence ji, j2 . . . defined by ji = 1, jm+i = l^{p-{jm)) is 
increasing and must stabilize. Let 6 be the smallest fixed point of /i o /i. Clearly 
is another fixed point of ^ o ^. We claim that it is the largest one. Assume 
that a > fi(b) is another fixed point for /i o /i, then so is /i(a) < = b. The 

minimality of 6 implies /i(a) = b, but this is impossible since ix{ii{a)) — a> ^i{b). 

Set k = fi{b) — 6+1, so fi{b) = b + k—1 and condition (i) is satisfied. If 1 < t < 6 
then < ii{fx(b)) = 6, but the inequality cannot occur since b is the smallest 

fixed point of /xoyu. This proves condition (ii), and (iii) is proved similarly. Defining 
A G as in condition (iv) we get that fj, G 'P^(A) □ 

3.2. Inequalities for V^{ftm). 

As before, we regard elements of V^{flm) as decreasing functions /i : [£] — >■ 
[£ + m- 1]. Here r = Tm+e-i so T(/i) = jm+e-i 0/^07^. 
We define 

{s if s < r 

r ifr<s<m + r-l 

,s — TO+1 if s>m + r— 1 

f has the effect of "compress" a. £ x {£ + m — 1) rectangle into a. £ x £ square. For 
example, if ^ = 5, m = 3, the values of t{r, s) are shown in Figure 1, where r and s 
are displayed vertical and horizontally, respectively. 
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Figure 1. t:[5]x[7]^ [5] 

Let = t{i,fi{i)). In general, /x : [^] — >■ [£] is not a partition since it is not 
decreasing. The following properties are easy to prove 

Lemma 7. 

(a) t(r, s) < r if and only if s < r, and t{r, s) > r if and only if s > r + m — 1. 

(b) t o (7^ X 7^+m-i) = 7£ o /X. 
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(c) Let n' = t{ijl). Then 7^ o /z' — ^ oj£. 
Proof, (a) is clear from the definition of t. For (b), notice that 

i + m — s if£ + m — s<£+l — r 

= < £+l-r i{i+l-r<i + m-s<m+{i+l-r)-l 

{e + m-s)-m+l iie + m-s>m+{e+l-r)-l 

7^(s — m + 1) if r + m — l<s 

7^(r) if r < s <m + i — 1 = ^i{iJ,{r, s)) 

^"/i{s) if s < r 

The conclusion follows. 

(c) follows from Lemma (b) and the definition of /x': 

□ 

Now we provide a characterization for ■p^(f2j„)- 

Theorem 8. Let /i e ^<'/+m-i r^Yien i_i G if and only if fi satisfies the 

following conditions for every i E [£]: 

(i) If > i then > i. 

(ii) If < i then < i. 

First we prove the following: 
Claim 9. fj, G satisfies (ii) if and only if t(/u) satisfies (i). 

Proof. Assume that satisfies (ii) and that > i where /x' = r(/x). From 

Lemma 7 (c) and the fact that is order-reversing we see that 7^(i) > 7£(m'(«)) = 
/u(7^(i)) and as a consequence of (i), je{i) > fi{p,{'je{i))) . Applying 7^ again we 
get i < 7KM(/x(7£(i)))), but = = /"'(/"'(«))• The 

conclusion follows. □ 

Proof of Lemma 8. First we prove by induction that every /i G V^{Q.m) satisfies (i) 
and (ii). If € = 1 then (i) and (ii) are vacuum since /i(l) = 1. 

Because of Claim 9 we just have to consider ^ — {u : j), 1 < j < v{£ — 1) to 
complete the induction step. Clearly /i(i) = v{i) G — 1] for i G — 1], and the 
premise of (i) is impossible iii = £^ so we just have to prove that (ii) holds for i — £. 
But il{£) < £ implies /<(/<(£)) = KH^)) <£-l<£ since v : [£ - I] ^ [£ - 1]. 

Now we prove that if /i G 7?^'™+^^! is so that fi satisfies (i) and (ii), then 
H G V^{Vlm). For £ — 1 there is nothing to prove since V^{Vlm) = P^'™. Assume 
£ > \. It is not possible to have ~ £ and ji{£) ~ 1 since this would contradict 
(i) and (ii). If fi{\) = £ then if follows from Lemma 7 (c) and Claim 9 that we can 
replace jj, by T(/i). Therefore wc can assume that /i(l) < £. From the definition of t 
if follows that /u(l) < £ + m — 1 and therefore no part of fi is bigger than £ + m — l. 
So V = fj,\^e G -p^-i^™+<^-2 .^^-^^ satisfies (i) and (ii). By the induction hypothesis 
I' G P^~^{flm) and therefore fi = (jy : jij) G 7'^(il„i). □ 

Remark 10. Clearly V^{VLi) = P^(A) where A = (1) is the only element in V^^. 
In this case Lemma 3 states that /x G 'P^(l) if and only if: 
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(i) and (iv) There exists a positive integer b G [£] so that = b, 

(ii) If 1 < i < 6 then > i, 

(iii) li b < i < e then n{fJ.{i)) < i ■ 

Since /z = /i for m = 1, Lemma 8 states that fi € V^{^i) if and only if jj satisfies 
the following conditions for every i G [£]: 

(i) If fi{i) > i then fi{p{i)) > i. 

(ii) If iJ.{i) < i then < i. 

We claim that both sets of conditions coincide: 

"Conditions in Lemma 3 Conditions in Lemma 8" : If z < 6 then fj,(i) > 
l^{b) = b > i. Therefore < i implies i > b which in turn implies i^{iJ.{i)) < i 
and similarly /u(z) > i implies > i. 

"Conditions in Lemma 8 Conditions in Lemma 3" : Lemma 6 implies that 
IJ, G V^{\) for some A G P^^, and therefore (/i o fi){b) — b for some 5 G [£], but 
the conditions in Lemma 8 imply that = /; and therefore A; = 1. Since /x is 
increasing, i < b (rcsp. i > b) implies that > ^(5) = b > i (resp. < ^{b) = 
b < i). and therefore ii{fi{i)) > i (resp. ii{fi{i)) < i). 



In this section we will define a bijcction between V^{X) (resp. V^{ilrn)) and a 
family enumerated by the Catalan (resp. ballot) numbers. The Catalan numbers 
appear in various counting problems, see [7] for a 66 interpretations of the Catalan 
numbers. Some of these generalize to the ballot numbers. 

Consider the set Te of pairs (T", T+) of rooted trees with a total of £ — 1 edges. 
These pairs are in bijection with trees with i edges: cutting the rightmost branch 
from the root creates such a pair, and viccversa, wc can attach a tree as the right- 
most subtree of the root (See Figure 2 for an example). Therefore there are Ci pairs 
of rooted trees with a total of — 1 edges. We will use Te to establish a bijection in 
order to prove Theorem l(i). 



The generalized Catalan numbers are defined by the formula C^^-y (n) = ^^'^^ ( 
(see [5, 4, 7]). Ck,-y{n) is the number of ordered forests with 7 fc-ary trees and with 



4. Trees, forests and Catalan numbers 





Figure 2. Cutting a tree in two. 
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total number of n internal vertices. The ballot numbers are a special case of the 
generalized Catalan numbers since be,m-i = C2,m{^)- Therefore be^m-i is the num- 
ber of ordered forests with m binary trees and with total number of £ internal 
vertices, or equivalently, the number of ordered forests with m trees and with total 
number of £ edges, since there is a bijection between binary trees with n vertices 
and rooted trees with n edges. As before, we can cut non-empty trees to obtain 
pairs of trees. We will use this to establish Theorem 2. 

4.1. V\X) and Trees. 

Remark 11. Let A € Vg^^. It follows from Theorem 3 that we can define a map 
e:V^{X)^V^-''+\l) by 

^ \fi{i + k-l) b<i<£-k + l 

The effect of 6 is to "remove" a. k x k square from n and replace it with a 1 x 1 
square which becomes a fixed point of the partition. 

Example 12. Let /z = (7, 6, 5, 3, 3, 3, 3, 3, 3, 1). 6 = 3, = 5 = b+k—1, therefore 
k = 3, V^{X) = V^{t{X)) where A = (3,1,1), and e{fi) = (5,4,3,3,3,3,3,1). 
See Figure 3. 
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Figure 3. An example of the action of 6. 

Conditions (i)-(iii) in Theorem 3 guarantee that 6 is well defined and surjective. 
(iv) implies that the fibers of 9 have one or two elements depending of whether or 
not A = r(A). This proves that 



2#p^-fe+i(i) A^t(A) 



To establish Theorem l(iii), we just need to prove that #P^(1) = C£. In order to 
do this, we will define a bijection between V^{1) and Te- 

Now we describe how to create an clement of ^^(l) from a pair of rooted trees 
(T~,T+). Number the levels of both trees so that the roots are located in level 
1. Starting from the deepest level and moving up and from left to right, label the 
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vertices of the odd levels of and the even levels of consecutively with the 
numbers 1,2,3..., and label the vertices of the even levels of and the odd levels 

of T+ consecutively with the numbers £,£ — 1,1 ~ 2 Then label the roots of 

with b"^, where b e [£] is the only number that has not been used so far. To define 
/X : [^] — > [£] let be the parent of i (if the patent of iisb^, define = b), and 
^^{b) = b. 

Example 13. Consider the pair of trees in Figure 2. After numbering the nodes, 
we get the pair of trees in Figure 4. 
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14 

Figure 4. A pair of labelled trees 

The corresponding partition is 
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Lemma 14. The map /U : ] — > [£] obtained by this process is a partition in 'P^{1). 

Proof. To simplify the notation, let L = [6 — 1], iJ = [(] \ [b]. We have to prove that 
jjL is decreasing and satisfies the conditions in Remark 10. 

It is clear form the construction that = b,i G L implies ^{i) ^ L, and i G H 
implies fi{i) ^ H. Let I < i < j < £. li i e L and j e H then ^{i) e {b} D H and 
G {b}L)L. Therefore > Similar considerations hold if one among i,j 
is equal to b. Assume that i,j G L. Then either i is located at a level deeper than 
J, or they arc in the same level but i is to the left of j, and the same is true about 
their parents. But their parents S {6} UH, and therefore > iJ.{j). A 

similar argument works if we assume i,j G H. 

The conditions in Remark 10 say 

(i) ^(b) = b 

(ii) i £ L ^ m(m(^)) > i- 

(iii) i e H ^ fKpi'i-)) < i- 

(i) follows from the construction of /i. If z G i then either fi{ii{i)) is two levels 
above i and therefore > i, or = b, so = b > i. Similar 

considerations work if i € H. □ 

The process can be reversed: for ^ G 'P^(l) let b be its fixed point, and L, H as 
before. We define a pair of trees (T~,T+) with i G {[I] \ {b}) U 6+} as vertex 
set. The root of is 6^, and the edges are drawn according to the following rules: 
(1) If i G [Z] \ {6} and ^ b, we draw an edge i — >■ fi{i). 
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(2) If i e L and = b, we draw an edge i ^ b^. 

(3) If i € H and = b, we draw an edge i ^ b~. 

The vertices in L (rcsp. H) are organized increasingly (resp. decreasingly) from left 
to right. This procedure creates a bijection between Te and 'P^(l) 

Example 15. The following are the 14 = C4 pairs of rooted trees with 3 edges. 





O 



o 




o 



The following are the labeling of the nodes following the algorithm described 
before, and the corresponding partitions. These are in fact the 14 partitions in 




M= (3,3,3,2) 




M=(3,3,3,l) 



M = (4,3,3,2) 
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Now we want to describe the action oi t : V^{1) ^ V^{1). r replaces the label i 
hy £+l — i, except b~ and 6+ which are replaced by (f + 1 — 6)+ and {£+1 —b)~, 
respectively. The two trees exchange positions and the levels that contained the 
increasing sequence 1,2,3,... now contain the decreasing sequence £,i—l,£ — 2,... 
and viceversa. 

Example 16. Consider the partition in Example 13: 

fj, = (11, 11, 11, 11, 10, 9, 9, 9, 9, 9, 9, 7, 7, 3) 
T(/i) = (12,8,8,6,6,6,6,6,6,5,4,4,4,4) 
Their corresponding pairs of trees are shown in Figure 5. 

4.2. V^{ilm) and forests. Now we define a bijection between V^{flm) and a 
family enumerated by ballot numbers. 

Now we describe how to associate to /x G P^{Qm) a m-tuple of (possibly empty) 
pairs of rooted trees. For fi e V^{flm), let L = {i\fl{i) > i}, M = {i|/i(i) = 
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Figure 5. The action of r 



i}, H = {i\fl{i) < i}. We claim that L, M and H are intervals. Assume that 
i & H and j > i. From Lemma 7 (a) we have that i > = t{i,^{i)) implies 
i > and therefore j > i > fi{i) > fi{j) and therefore fl{j) = and j € H. 
Similarly, i £ L and j < i imply j G L. This proves that L, M and H are intervals. 

The roots of the pairs of trees are going to be {b~ \ b G M} U {6+ | b G M}. The 
vertices that arc not roots are going to be L U H. The edges are drawn according 
to the following rules: 

(1) If i G LU H and ^ M, we draw an edge i — t- 

(2) If i e L and /t(i) — be M, we draw an edge i — >■ 6"*". 

(3) li i E H and ~ b G M, we draw an edge i ^ b~ . 

Now we pair the trees with roots b~ , 6+ (6 G A'/), and we say that this pair is the 
(m — + 6)-th one. Clearly b € M implies m — ij,{b) + b£ [m] by the definition of 
t, and ii b < b' then m — fi{b) + b <m — n{b') + b' , so different pairs have different 

positions between 1 and m. 

Example 17. Consider the following partition /i £ P^^(fi4): 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 




22 


22 


22 


21 


21 


21 


21 


20 


17 


17 


17 


16 


i 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 




16 


15 


15 


15 


14 


14 


13 


12 


6 


3 


3 


3 



Here, L = {1, . . . , 12}, M = {13, 14, 15}, H = {16, . . . , 24} and /2 : [24] [24] is 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 




19 


19 


19 


18 


18 


18 


18 


17 


14 


14 


14 


13 


i 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 




13 


14 


15 


15 


14 


14 


13 


12 


6 


3 


3 


3 



This map determines 6 trees: 



PARTITIONS, PAIRS OF TREES AND CATALAN NUMBERS 



13 




24 23 22 

The pairs with 13^, 14^ and 15^ as roots are the first, third and fourth, respec- 
tively, while the second pair is empty. These 4 pairs of trees correspond to a forest 
with 4 trees and total number of 24 edges: 

Ti= o T2=o T3= n Ti 





o o o o 

Clearly the process can be reversed, and to every forest with m trees and with 
total number of i edges we can associate an element of V^{ilrn)- 
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